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Synopsis 
A common approach to modelling spatial choice is to 
apply the theory of constrained utility maximising 
behaviour by individual choice makers within a probabilistic 
framework. Decision making is assumed to be deterministic 
but utilities stochastic in the random utility version 
of the approach. For operational models, parametric 
distributions have to be specified for the stochastic 
component of the utility functions. It is commonly 
assumed in deriving spatial choice models that each of 
the choice alternatives are perceived by individuals as 
unique, independent opportunities. This paper considers 
the case where aggregations of choice alternatives are 
perceived similarly. The logit distribution (as an 
approximation to the Gauss (normal) distribution) is 
chosen as the parametric'stochastic utility distribution. 
The choice model is derived and its properties and potential 
application discussed. 
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�patial choice involves a search and selection process. If 
choice makers are assumea to be rational they will select that 
opportunity which maximises their utility, subject to the constraints 
of their income, time etc. Because of the inevitable dispersion in 
observed benaviour from one individual to another a probabilistic 
approach to choice modelling is required. The random utility approach 
will be adopted here - an approach which assumes rational choice but 
stochastic utility. To derive a general choice model it is also 
necessary to specify the assumed search process and to choose a 
parametric distribution for the stochastic component of the utility 
functions. 
A two stage search process will be assumed. ln the first stage 
a choice maker perceives a number of independent, aggregate sets of 
opportunities. The opportunities within each aggregate set are 
assumed to be perceived as possessing a certain degree of similarity -
that is, their utilities will be correlated. (The assumption of 
independent sets could be relaxed if required, although this case is 
not considered further here.) The second stage is the selection of 
the preferred, utility maximising opportunity in the choice maker's 
preferred aggregate set. 
The parametric distribution chosen for the stochastic component 
of the utility function is the legit distribution, as an approximation 
for the Gauss (normal) distribution. The choice of parametric 
distribution is not a trivial decision. Grigg (l�tl2a) has shown the 
differences in choice models which result when a Gauss and not an 
extreme value type I (Gumbel) distribution is adopted for the case of 
mutually independent alternatives. The Gauss distribution is a more 
-2-
general distributional form to adopt in the absence of empirical 
evidence to support any particular form. The common choice of an 
extreme value type J distribution seems to have been guided oy 
considerations of mathematical convenience rather than by any 
theoretical arguments. Jn spatial choice modelling, where the 
interest is mainly centred on the aggregate set of opportunities 
selected rather than on the particular opportunity chosen, this 
restrictive assumption need no longer be adopted. (Many papers in the 
literature refer to the extreme value type J distribution as a 
'Wei bull' distribution. The 'Weibull' is actually the three parameter 
extreme value type Ill distrioution.) 
The objective here is to develop the choice model (and 
associated measures of realised utility) using well established 
methods of mathematial statistics. Simplifications needed for the 
purposes of keeping the resulting model operational will be noted. 
2. CHOICE FRAMEWORK 
Consider a choice maker at i with a perceived choice of 
aggregate opportunity sets indexed j = 1,2, . . • • • .  ,Nand Hj spatial 
opportunities indexed k 1,£, . . •  Hj in each set j. For each choice 
maker at i, alternative k in j will have a vector of observed 
attributes xijk unique to itself. Further, every alternative k in j 
will have a vector of common, observed attributes yij" There will 
also be two vectors of unobserved attributes, zijk for each 
alternative k in j, and wij common to every alternative in j, both 
vectors assumed to have been drawn from random probability 
distributions. If s is a vector of the choice maker's 
characteristics, then the individual's utility can be defined as 
� 
I 
I 
I 
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( 1) 
Uijk is stochastic, depending not 
just on the non-stochastic 
vectors xijk' yij and s, but also on the random vectors zijK and wij" 
If the individual behaves rationally then the location opportunity 
which maximises his utility will be chosen. That is, the choice maker 
at i would prefer opportunity k in j in preference to any other 
opportunity in j if lJijk > Uijm for m� k; m = l,t:, ... ... ,Hj. 1f 
the utility derived from the preferred opportunity in each aggregate 
set q, q = l,N is given by Uiq = max (Uiqkl for k= 1,2, . . .  ,Hq, then 
an opportunity in j will be chosen for residential location if Uij > 
Uiq for q � k, q = 1,2 . • . .  ,N. 
Since the utility values are stochastic, the choice of an 
opportunity in set j by this choice maker at i will occur with some 
probability, given by 
With complete generality it is always possible to write the 
stochastic utility function of Equation (1) in the form, 
(2) 
(J) 
where Vijk is the non-stochastic component - the so-called 
'representative utility' a constant for alternative k in j for 
a choice maker of type s at i; 
Eijk is a random utility term reflecting unobserved attributes 
of alternative k in j affecting the choice; 
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and, Aij is a random utility term reflecting unobserved 
attributes of set j affecting tile choice ano t1ence common to an 
alternatives in j. 
The distributions of fijk and Aij can be chosen to have zero 
expected values by absorbing their expected values into Vijk' 
Consequently, for an assumed Gauss distribution, the stochastic 
utility function for an opportunity in set j selected at random will 
De 
where oij is the mean perceived utility of opportunities in j; 
2 oij is the variance in perceived utilities in j; 
02 
'lij + 
02 
Eij + 
02 
Aij 
o2 is the perceived variance in representative utility vij 
for opportunities in j; 
o 2 is the variance in EiJ
.k' assumed identical for all Eij 
k in j; 
o2 is the variance of AiJ .. Aij 
(4) 
(5) 
Because the random utility term Aij is common to all k in j, 
the correlation between the perceived utilities of opportunities k and 
q in j; will be given by 
- 5 -
2 I 2 oA a . .  , 
ij lJ 
(/) 
a constant r for the particular s, and j. 
J. UTILITY OF THE PREFERREU CHOICE IN A SET 
To derive the choice model it is useful to concentrate 
initially on the selection of the preferred alternative in each set j. 
The main interest concerns the probability distribution of the utility 
to be derived from what is perceived to be the preferred (utility 
maximising) opportunity in j. That is, we seek the probability 
distribution f(Uij l given by f[max(Uijl'Uij�· . • • • . .  ,UijH. )). Let 
J 
F(Uij) be the cumulative form of f(Uij). 
Because of the utility correlation expressed by Equation (7), 
we have in statistical terms, a Gaussian sequence {Uijl' Uij�' • • • •  , 
UijH.} with a mean of Oij' variance of oij and constant correlation r = 
J 
rkq' 
k 1 q. This sequence can be conveniently studied (ualambos, 
1978) by replacing it with a sequence {xijU' xijl' xij�· • • .  , xijH ) of 
J 
mutually independent, standard normal variates with zero mean and unit 
variance defined as follows: 
a � a (1 .)\ Uijk 
Oij + ij .r .xijO + ij. -r .xijk; 
r � U; k=l,�, • • • •  ,lij (!l) 
To study the limiting form of F(U .. }, the cumulative distribution of 
lJ 
the perceived maximum utility obtainable for the preferred opportunity 
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in j, we need to s-wdy the limiting forms of F1(oij.rY,.xijLl) and 
-
.Y, ) F t(oiJ.ll-rJ .xij , where F1 ana F2 are the cumulative probability 
k . � distributions of (Oij.r2 .xijU) and (Oij.(l-r) .xij) respectively. For 
F1, the limiting form (that is, the form as Hj ·+<>> ) , is clearly 
F1 - ,�[O,(r\oij)J. The case of F.!. is not so obvious. 
Kendall and Stuart (lYb8) present methods for determining the 
limiting form of functions such as F2. Grigg llYd£b) nas made use of 
their results to derive a choice model for mutually inaependent 
alternatives with assumed Gauss distributed stochastic utility 
functions. The same methods can be used here, except that in this 
case the use of a Gaussian variate (oij.(l-r)Y,.xij) does complicate the 
derivation and interpretation of the resulting choice model. A 
similar model, from a greatly simplified derivation, results if the 
Gaussian variate is approximated by a logit variate. That is, 
approximate g(xij)- NLO,l) by the logit distribution 
g(x .. ) ::: (4//�11)exp[-(4/12TT) x .. Jf lJ lJ 
(9) 
The approximation is very accurate, with the maximum deviation 
between the cumulative logit and normal being O.Ooz. In spite of this 
accuracy the approximation does noticeably alter the form of F2 
(Grigg, 1Ytl2b). 
With this logit approximation the limiting form of Fe is an 
extreme value type I (Gumbel) distribution with 
mean (lU) 
- 7 -
and standard deviation m" /'It�)!;;. (1-r)\o . .  lJ 
Consequently, the limiting form of F(Uijl a convolution of F1 and FL, 
will have a mean 
and a standard deviation 
j k (UiJ.) = [r + (IT /4!l)(l-r)] •.
o 
. .  -1 J 
Note that Dij is dependent on the number of available opportunities Hj 
( 11) 
(12) 
(13) 
in j. As would be expected, as r -+- 1, Uij-+- Oij from above and o(Uij)-+- oij 
from below, since the choice maker in such a situation perceives all 
opportunities in set j as almost identical. 
4. CHOOSING THE PREFERRED AGGREGATE SET 
It is hypothesized that the rational choice maker at i will 
choose as his preferred aggregate set, that set j£N which contains the 
preferred opportunity of maximum utility. Hence, the expected 
probability of that choice maker choosing area j, pij' will be given 
by, 
= f Pr(Uij = U, Uiq < U, V q£N).dU 
0 
(14) 
(15) 
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"' f Pr(Uij U, Uiq < U, V qEN).aU 
since the probability of the utility of cne preferred alternative in 
q being negative is very small. 
If each of the aggregate opportunity sets are perceived as 
independent by choice makers, then we can write pij as 
Pr(U . . = U) 
- l l Pc(U:: < U) · l- rr Pr(U.k < u)j- . dU k=1 ,N 1 
= Joo [�j . [ TI Fik(U) l · dU 
F .. (U) k=1,N 
lJ 
where fij(U) is the p.d.f. of Fij(U). (Writing, for convenience, 
f(Uij) and F(Uij) as fij(U) and Fij(U) respectively, when uij = U.) 
�elution of Equation (lti) is not mathematically tractable except for 
some special forms of Fij(U). One such form is for Fij(U) to be 
distributed as an extreme value type 1 (Gumbel) distribution with 
constant variance c1jiu) for all j for a given i. In Section� it was 
shown that the limiting form of Fij(U) was a convolution of a Gauss 
distribution F1 and an extreme value type l distribution F�. The 
limiting mean and variance of Fij(U) are given by Equations (1£) and 
(1s) respectively. Just how accurate it will be to approximate Fij(U) 
with an extreme value type I distribution can be partly assessed by 
examining the skewness of Fij(U). Since the limiting coefficient of 
skewness for F1 is 0 and for F 1 is 1.14, then the limiting coefficient 
of skewness Cs(Uij) of Fij(U) can be determined as 
Cs(U . .  ) = [1.14 ilfS/4tl)% (1-r) %]/[r + (nJ/4tilil-r)j\o .. lJ lJ 
(16) 
( 17) 
(18) 
(19) 
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As r increases from u the coefficient of skewness decreases quickly 
from 1.14. The approximation of an extreme value type l distribution 
for Fij(U) will become less satisfactory the greater is r. The extent 
of error for large r introduceo by this approximation is worthy of 
closer examination. A second concern is the relative constancy of the 
variance oijtU) of Fij(U) across all jEN. From Equation (lJ) constancy 
of oij(U) requires either constancy of r and constancy of 0ij across 
all j or a very special relationship between r and oij" All kinds of 
suggestions could be made to support an argument for the relative 
constancy of oij(U) across all jcN. Ultimately an assumption to this 
effect requires empirical substantiation. Nevertheless, it is worth 
noting the oij(U) is not acutely sensitive to moderate variations in 
r. This, coupled with the likelihood that oij and r are inversely 
related, makes an assumption of constant oij(U) across all j a robust 
one. 
That is, it is assumed that 
(ZU) 
(21) 
One further useful simplification is, that provided individuals 
with the same vector of characteristics s search from each i, then 
there is no need to differentiate oi(U) by search origin. 
That is, oi(U) o(U) for all i£N 
Using these assumptions with respect to Fij(U), the integration of 
Equation (lti) can be performed to yield 
(22) 
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(23) 
wt1ere S = (II//b).(l/a(U)) (24) 
�quation (Z.s) has tne form of tr1e popular multinomial logit choice 
model (Oomencich and r�cFadden, i!:!7S). however, recall the form of 
uij ' the expected maximum utility a"tainable from the preferred 
opportunity in j, as given by Equation (i�), is not simply a function 
of the expected utility Oij of a randomly selected opportunity in 
j, 
but is also dependent on Hj, r and aij · 
Substituting Equation (!Z) into Equation (23) yields the 
following very interesting result, 
piJ. = tl! exp (S
UiJ.)/[ L H� exp (SUik)j J k=l,N 
where Y = Y(r) 
and S = S( r, a ) 
Equation (lS) is of the same form as the multinomial logit choice 
(25) 
(26) 
(27) 
(28) 
model for independent alternatives with the exception of the exponent 
on the Hj terms. The exponent Y decreases from a value of l for r = u 
to value of 0 for r = 1. The parameterS also decreases for increasing 
r for a given a. The value of S when r = 1 is u.tl04 times its value 
�nen r u for a constant o. 
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The significance of Equation (£5) is that it provides a 
theoreti c.a l underpinning for the use of exponents such as Y in fitting 
choice models to real world observations. Interestingly, tquations 
(il) and (Lo) provide a method of inferring the extent of perceived 
similarity in alternatives within a set (measured by r), and, hence, 
an estimate of the standard deviation in the perceived utility of a 
randomly selected alternative. 
If there are Pi individuals at i, then number of individuals 
Tij searching from i who choose their preferred opportunity to be in 
j, will be given by - from Equation (£5) -
(29) 
Expressed in this form, the applicability of this choice model to 
urban residential location, trip distribution or even retail shopping 
models is obvious. The exponent Y is of special relevance in the 
context of retail shopping models (Grigg, 19H2b). The derivation here 
provides the basis for a new interpretation of the exponent on the so 
called 'attraction term' H� in shopping models. 
J 
5. CHOICE MAKERS' REALISED UTILITY 
The discussion of this choice model is not complete without 
deriving the expression for the utility derived by choice makers from 
their preferred spatial choice. The cumulative probability 
distribution �(Uij) of the maximum utility to be derived from the 
preferred locational opportunity in j, conditional on area j being 
- 1 2 -
chosen is, adopting the method of Cochrane (!Y/�1. 
uij 
f Pr (Uij U, Uik < IJ, ¥ k£N}.dU]/pij (3U} 
Using the same assumptions with respect to FijlU} as were usea 
in deriving t::quation la}, ljJ(Uij
} can be shown to be an extreme value 
type I distribution with 
a mean of uij (1/S}. ln [ L exp (Suik] k=l,N 
and a variance o�Uij) 
2 
=a (U) from Equation (23} 
(31) 
(3�} 
{33) 
These statistics are independent of the set j chosen, since uij 
= ui 
for all j. That is, choices are made so that, on average, choice 
equilibrium will be realised for individuals at each i. 
b. CONCLUSIONS 
The aim of this paper has been to demonstrate that it is feasiole 
to derive spatial choice models which allow for mutual dependence of 
alternatives. This has been demonstrated for the case of logit 
distributed stochastic utility functions (as approximations for Gauss 
distributions}. Admittedly, some approximations and asumptions were 
required to achieve an operational model, but these are suggested as 
essentially no different in character than those required to derive 
the popular multinomial logit choice model for independent 
alternatives. One strength of the derivation described here, is that 
parameters to allow for perceived similarity in alternatives have 
- 1 3 -
emerged from the derivation i tself and have not been inserted 
arbitrarily into the model formulation. 
-14-
APPENDIX A - NOMENCLATURE 
Symbo 1 Meaning 
f,F p.d.f. and c.d.f. of perceived utility 
g standard logit variate 
p choice probability 
r Pearson correlation coefficient 
w 
X 
y 
z 
H 
p 
U,U,o 
U,o(U) 
U,o(U) ,lji 
S,y 
vector of person characteristics 
vector of unobserved attributes of a set of alternatives 
vector of observed attributes of choice alternative and also 
the standard normal deviate 
vector of observed attributes common to a set of alternatives 
vector of unobserved attributes of an alternative 
stochastic utility common to a set of alternatives, its expected 
value and standard deviation 
skewness coefficient 
stochastic utility of an alternative, its expected value and 
standard deviation 
c.d.f.'s of perceived utility 
number of alternatives in a set 
number of choicemakers in a set 
total utility of an alternative, its expected value and 
standard deviation 
expected maximum utility of the preferred alternative in a 
set and its standard deviation 
expected maximum utility of the preferred alternative, its 
standard deviation and c.d.f. 
'representative' utility of an alternative, its expected 
value and standard deviation 
parameters 
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